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Abstract 

We consider scattering by short range perturbations of the semi-classical Laplacian. Wc 
prove that when a polynomial bound on the resolvent holds the scattering amplitude is a semi- 
classical Fourier integral operator associated to the scattering relation near a non-trapped ray. 
Compared to previous work, we allow the scattering relation to have more general structure. 
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1 Introduction and Statement of Results 

We study the structure of the scattering amplitude associated with the semi-classical Schrodinger 
operator with a short range potential on M n . We prove that, when restricted away from the diagonal 
on § n x § n , the natural scattering amplitude quantizes the scattering relation in the sense of semi- 
classical Fourier integral operators. The scattering relation at energy A > here is given roughly 
by the Hamiltonian flow of the symbol p of the operator between two hypersurfaces "at infinity" 
inside the energy surface {p = A}. 

1.1 A Survey of Earlier Results 

The structure of the scattering matrix has been of significant interest to researchers in mathemat- 
ical physics. Earlier results have focused primarily on establishing asymptotic expansions of the 
scattering amplitude. In this section we describe briefly only those asymptotic expansions most 
relevant to our work and refer to [21 for a more comprehensive survey. 

We begin by introducing some notation. Let P(h) = — ^/i 2 A + V, < h << 1, where 

\d a V{x)\ < C a (x)-P-\ a \, x G R n ,p > 1, (1) 



where (x) = (1 + \\x\\ 2 ) 2 . Let A > and for u G S n 1 and z G oj 1 ' we denote by 

the unique phase trajectory, i. e. the integral curve of the Hamiltonian vector field of p(x,£) 
i||£|| 2 + V(x), such that 
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in the C°° topology for the impact parameter z and u. If lim^oo 
ting S^ 1 = G M n : ||x|| = 2A}, we have that there exist U C T*^ 1 open, \^\/2\lv,zJ G U, where 
S™- 1 ={!£!»: ||x|| = 2A}, £«, £ C°° (T'S^ 1 n U;^- 1 ) , and Xoo G C°° (T*^" 1 n C/;IR n ) such 
that 
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The trajectory ( •; z, ^/~2\uj ) is then said to have initial direction u and final direction 9 



Coo ( z, V2Alu ) . We also make the following 



Definition 1. The outgoing direction 9 G S n is called non- degenerate, or regular, for the in- 

- 9, the map 



coming direction u> G S n if 9 7^ uj and for all z' G u> u>ii/i £00 (2', v2Aa> 



w 3zh (2;, v2Aa->J G S n is non- degenerate at z' . 

Several authors, working under the assumption that a certain final direction 9 is non-degenerate 
for a given initial direction u, have proved asymptotic expansions of the scattering amplitude A of 
the form 

1 

K A{XM {u,9) = J2°(z J ,uj;\r 1 / 2 exp(ih- 1 S J + O (h) , (2) 

where (zj)^ =1 = ^C,^ 1 y-,V2Xu?\J (do), (j(zj,uj]\) = det ^J£oo ^•,\/2Aum^ (zj) , with J denoting 
the Jacobian matrix, 

( - |poo (t; z, V2Aw) I -V (qoo (t;z,V2Xu;^ - A J dt - (x^ (z,V2\u?) ,V2X9^ (3) 



is a modified action along the j—th (u,0) trajectory, and p,j is the path index of that trajec- 
tory. Vainberg has studied smooth compactly supported potentials V at energies A > supV 
and has proved such an asymptotic expansion with the error term estimated uniformly over a 
sufficiently small neighborhood containing the final direction while the initial direction is held a 
constant. Guillemin [H] has established a similar asymptotic expansion in the setting of smooth 
compactly-supported metric perturbations of the Laplacian for fixed incoming and outgoing di- 
rections. Working with non-trapping potential perturbations of the Laplacian satisfying (pQ) with 
p > max (l, ^-^-) , Yajima has proved such an asymptotic expansion in the L 2 sense. For 
non-trapping short-range (p > 1) potential perturbations of the Laplacian, Robert and Tamura 
|10| have established a pointwise asymptotic expansion of this form for constant initial and final 
directions. This result has been extended to the case of trapping energies by Michel [Hj under an 
additional assumption on the distribution of the resonances of P(h). 

In [2] we have proved, without making the non-degeneracy assumption, that the scattering 
amplitude for smooth compactly supported potential and metric perturbations of the Euclidean 
Laplacian at both trapping and non-trapping energies is a semi-classical Fourier integral operator 
associated to the scattering relation. We have further showed how the expansion (J2J) follows from the 
general theory of semi-classical Fourier integral operators developed in pQ, once the non-degeneracy 
assumption on the initial and final directions is made. Here we extend these results to the case of 
short-range perturbations of the Laplacian when the scattering amplitude is restricted away from 
the diagonal in S™" 1 x S"" 1 . 

1.2 Statement of Main Theorem 

We consider the semi-classical Schrodinger operator P(h) = — ^h 2 A+V, on M n for n > 2, < h < 1, 
with the potential V G C°°(R n ;R) satisfying ©. Let P (h) = -i/i 2 A. Then P(h) and P (h) admit 
unique self-adjoint realizations on L 2 (M. n ) with common domain i^ 2 (M n ). It is well-known that the 
wave operators 

W± = s- lim U(t)U {-t), 

t— >±oo 

where 

U(t) = e-7i* p W, U (t) = e-i m( - h \ t G M. 
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We can therefore define the scattering operator 

S = WlW-=f~ 1 [ ff)S(X,h)dXF, 

J A>0 

where J- denotes the unitary Fourier transform on L 2 (M. n ). The operator S(X,h) is called the 
scattering matrix at energy A > and is a unitary operator on L 2 (S n_1 ). The scattering amplitude 
A(A, h) is defined by A(X, h) = c(n, A, h)T(\, h), where T(A, h) = -i(2^)~ 1 (/ - 5(A, /i)) and 

n— 1 , n — 1 - (n — 3)-7r 

c (n,A,/i) = -2tt(2A)~ — {2nh) — e~ 1 ^^ . 

To state our Main Theorem, we let R(X + iO, h) = lim e jo (P(h) — A — ie)~ l , where the limit is 
taken in the space B(L 2 a (W 1 ), L 2 _ a (R n )), a > ± with L 2 a (R n ) = {/ : G L 2 (M. n )}. We further 

refer the reader to Section for the definitions non-trapped trajectories and the scattering relation 
SRfj(X). The class of semi-classical Fourier integral operators X r h is defined in Appendix where 
we also review the notion of pseudo differential operators of principal type. 

We are now ready to prove our 

Main Theorem. Let A > be such that the operator P(h) — A is of principal type. Let also 

\\R(X + iO, fr)|| B ( L 2 (K „ )|L ^ (R „ } ) = 0(h s ), s G R, a > -. (4) 

Let (u, z) G 7 1 *g ra ~ 1 ft e S uch that 7oo z, \/2Aw^ is a non-trapped trajectory. 
Then there exist open sets U C T*S n_1 with (lo,z) G U such that 

A(X,h) G jj +2 (S™" 1 x S"- 1 \diag(S n - 1 x S"- 1 ),5%(A)) . 

We remark that jSJ Theorem 1] gives a characterization of semi-classical Fourier integral distri- 
butions as oscillatory integrals. Applied to the scattering amplitude here this characterization says 
approximately that for every non-degenerate phase function <fi which locally parameterizes SRjj(X) 
we can find a symbol a admitting an asymptotic expansion in h such that CK^x,h)^ where C is 
a microlocal cut-off to SR(j(X) (see Appendix 0), can be represented as an oscillatory integral 
with phase 4> an d symbol a. From the discussion in |3J Section 4.1] we further know that such 
a non-degenerate phase function always exists, and therefore we can always express CK^^^h) as 
an oscillatory integral admitting an asymptotic expansion in h. In the special case when the non- 
degeneracy assumption holds, we recover the phases (fTH|) in Q - see Theorem ^ below. We expect 
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that a finer analysis based on our method would give a precise description of the amplitudes as 
well. What is different here is the fact that we can handle the cases in which the non-degeneracy 
assumption fails. 

We now introduce some of the notation we shall use below. For a sequentially continuous 
operator T : C^°(W n ) — ► D'(]R n ) we shall denote by Kt its Schwartz kernel. On any smooth 
manifold M we denote by a the canonical symplectic form on T*M and everywhere below we 
work with the canonical symplectic structure on T*M. We shall denote by H p the Hamiltonian 
vector field of p. The integral curve of H p with initial conditions (xo,£o) £ T*M n will be denoted 
by y(-;x ,£o) = (x(-;x ,£ ) ,£(•; zo^o))- If C C T*M\ x T*M 2 , where Mj, j = 1,2, are smooth 
manifolds, we will use the notation C' = {(#,£; y, —rj) : (x,^;y, 77) G C}. We shall also use || • ||±7,=py 
to denote the norm of a linear operator between the spaces Lj_ 7 (IR n ) and L^- 7 (K n ). Lastly, we set 
B(0, r) = {x £ R n : ||x|| < r} and B(0, r,r + 1) = {x £ R n : r < \\x\\ < r + 1}. 

This paper is organized as follows. We review the definition of semi-classical Fourier integral 
distributions and operators in the Appendix, where we also recall the relevant part of semi-classical 
analysis. Isozaki-Kitada's representation of the short-range scattering amplitude which we will use 
in this article is presented in Section 12.11 Two preliminary lemmas giving additional information 
on the structure of the semi-classical amplitude, are given in Section \2. 21 The scattering relation is 
defined in Section |21 where we also prove that it can be parameterize by the modified actions when 
the non-degeneracy assumption is made. The proof of the Main Theorem is presented in Section 
|l]and its applications to non-trapping and trapping perturbations are discussed in Section f5. II and 
Section T5. 21 respectively. Finally, the theorem giving the microlocal representation of the scattering 
amplitude as an oscillatory integral under the non-degeneracy assumption is proved in Section EH 

2 Preliminaries 

In this section we introduce some of the preliminary results we shall use throughout this article. 
2.1 Representation of the Scattering Amplitude 

Here we present the representation of the short range scattering amplitude developed by Isozaki 
and Kitada [H] • This is the representation we shall use in the proof of our Main Theorem. 
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Definition 2. Let Q C T*M n be an open subset. We denote by A m (fl) the class of symbols a such 
that (x,£) i — > a(x,£,h) belongs to C°°(0,) and 

d%d%a(x,£) < C aP {x) m -\ a \{t)- L , for all G fi,(a,0) £N"x N™, L > 0. 



We denote ^ m (T*R n ) by A Ti 



We also use the notation 



T ± (R,d,a) = Ux,£) G R n x R n : \x\ > R, - < |f| < d,±cos(x,£) > ±cr 

with R > 1, d > 1, a G (—1,1), and cos(:e,£) = ^j^j for the outgoing and incoming subsets of 
phase space, respectively. 

For a > \, we denote the bounded operator F (A,/i) : L^(]R n ) -> L 2 (S n_1 ) by 



(F (A,/i)/)(u;) = (27r/i)-t(2A)V / e'^^ f(x)dx, A > 0. 

Let i?o >> 0, 1 < di < d% < c?2 < di < do, and < 04 < 03 < 02 < a± < uq < 1. Using the 
WKB method, Isozaki and Kitada [S] have constructed parametrices for the wave operators with 
phase functions <&± and symbols a± and b± such that: 



1. $± G C°°(T*]R n ) solve the eikonal equation 



^|v,<M*,oi 2 + u(*) = I|ei 2 



(5) 



in (x,£) G r±(i?o, do ? ifo)j respectively. 
2. $ ± (., ..) _ (., ..) G A (T±(Ro, d , ±0-0)) . 



3. For all (x, f ) G T*l 



d 2 $± 



(x,£) - 5 jk 



< e(R ), 



(6) 



where Sjk is the Kronecker delta and e(Ro) — > Rq as Rq — > 00. 



4. a± ~ J2T=o hja ±ji where a ±J - G A_j(r ± (3i? , di, Tfi)), suppa ±J - C T±(3R ,d 1 ,^i), a±j 
solve 

(7) 



(V x $±,V x a±o) + - (A x $±) a ±0 = 
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(V x <f>±,V x a±j) + - (A x <f> ± )a±j = -A^-i, j > 1, (8) 
with the conditions at infinity 

a±o — > l,a±j — ► 0,j > 1, as \x\ — > oo. (9) 

in r.|-(2i?o, d,2, TC2), and solve © and (jHJ) in T±(ARo,di,^fa2). 

5. b± ~ Yl'jLo W b±j , where b±j G ^.—^(riCSi^o? <^3i ±04)) suppb±j C r.|-(5i?o, c?3, ±0-4), 6-y solve 
O and (jSJ) with the conditions at infinity © in T±(6RQ,di,±a^), and solve Q) and (jHJ) in 
r ± (6fi ,d3,±cr 3 ). 

For a symbol c and a phase function (j), we denote by Ih(c, 4>) the oscillatory integral 

4(c,0) = / eKW*.0-(».0) c (x,Ode 

(2vr/i) n J M n 

and let 

if ±a (/i) = P(h)I h (a±, $±) - 4(a±, $±)fb(/») 
tf ±6 (fr) = P(h)I h (b±, $±) - 7 fc (6±, $±)P (/i). 
The operator T(A, /i) for A G if) is then given by (see |S1 Theorem 3.3]) 

T(A, h) = r+i(A, /i) + r_i(A, fr) - T 2 (A, fc), 

where 

T±i(A, h) = F (A, h)I h (a ± , *±)*K ±b (h)F5(\, h) 

and 

T 2 (A, h) = F (X, h)K* +a (h)R(\ + iO, h) (K +b (h) + K_ 6 (/i)) F *(A, h), 
2.2 Two Preparatory Lemmas 

The following two lemmas will be useful in studying the structure of the scattering amplitude. 
Lemma 1. Let W = Ob(l 2 (r™))(^- s ); h —*■ 0, or W = ^b(l^ (K»),i 2 (R™))(^ s )i ^ — 0, /or some 

T/ien Kiy G ^( m2 ™)- 
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Proof. By Schwartz Kernel Theorem, for some ho > and every h G (0, ho), there exists Wh G 
V'(R 2n ) such that (Tip, tp) = {w h ,tp® if>), (p,tp G C£°(R n ). Let x G C c °°(]R 2n ) and let a > c 2 > 
be such that suppx C Ki{c 2 ) X K2(c 2 ), where Kj(d) = {x G M n : < d, Z = 1, ... ,n}, j = 1,2, 
d > 0. Let also pj G C%°(Kj(a)), j = 1,2, be such that pi x p2 = 1 on 1^1(02) x A' 2 (c2). Then, by 
the proof of Schwartz Kernel Theorem [51 Theorem 6.1.1], we have that 

(w h , X e-^ U)+{ "' v)) ) = ^xZ-Xm,k (Tp 1 E h ((m,-)), P2 E h ((k,-))), 

where E(t) = e^r , t G R, and Xm,fc = J^ lxX2 y)e~£ (< ^ + ^£(-m • x - • y)dxdy. 
Integration by parts now gives 

(1 + |m|) M (l + |fc|) M x m , fc < ^ZT 2 ^, r/)) A/ £ 

|a|<M,|/3|<M 

(10) 

We also have 

\(T Pl E h ({m,-)),p 2 E h ((k,-)))\<C 2 h s . (11) 
From estimates ()10|) and (jllj) we obtain 

\T,znxZ"Xm,k(TpiE h ((m,-)),p 2 E h ((k, -)))| < C 3 ^ 

|a|<M,|/?|<M 

(12) 

with 

C 3 = CiC7 2 J] (l + |m|)- M (l + |A ; |)- M <oo, 

Z n xZ™ 

if M is taken large enough. Therefore A T G V' h (M. 2n ). □ 

Lemma 2. Let v : M. 2n — ► M 2n &e gu>erc &?/ z/(a;, y) = (y, x). 
T/ien ^-^(A+iO.h) = -^R(A+iO,/i) every A > 0. 

Proof. For u,v £ L 2 (]R n ) let (u, v) = J uv. Let u and u further satisfy u, u G C£°(M n ) and let z G C 
be such that Qz > 0. We then have 

{R [z, Zz,) u, u) = (J2 (2, Zi) u, (P (h) - z)R (z, h) v) 

= ((P(h) - z)R(z,h)u,R(z,h)v) (13) 
= (u, R (z, h) v) . 



•In ) 



,m,k G Z n ,M G N . 



V v 
X A 



-2M 



roo|"]R2n\ 



M 
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Let, now, A £ K\ {0} and let (^fc)fceN ^ ^ satisfy Sszk j 0, k — > oo, and Kz/c = A, k £ N. Then, 
from (|13|) we have that for every k 

(R(z k ,h)u,v) = (u,R(z k ,h)v) . (14) 

Letting k — > oo in (|14() and using the fact that 

R(X + iO,h) =lim R(\ + ie,h) in B (L 2 a (M. n ), Ll a (R n )) ,a>-, 

we obtain 

(12 (A + iO, h) u, v) = (u, R(\ + iO, h) v) . 
Since C^Itr 1 ) ® C 6 °°(]R ?1 ) is dense in C c °°(M 2ri ), this completes the proof of the lemma. □ 

3 Scattering Geometry 

In this section we describe the scattering relation and prove that it can be parameterized by the 
modified actions © when the non-degeneracy assumption holds. The scattering relation is a 
Lagrangian submanifold of T*^ 1 " 1 x T*S n ~ 1 , which relates the incoming and the outgoing data in 
the way suggested by Figure Q 

To make this precise, we first give the following 

Definition 3. The trajectory 7 (-;xq,£q) is non-trapped if for every r > 0, there exists T > such 
that \\xq\\ < r implies that \\x (s; Xo, £0) || > r for \s\ > T. The energy A > is non-trapping if for 
every r > there exists T > such that for every (xq, £0) £ T*M. n with ^||£o|| 2 + V(xo) = A and 
\\xq\\ < r we have \\x (s; xq, £0) II > r / or M > T. 

We also introduce the notation T(r) for the infimum over s with this property. 

Let, now, A > be such that the operator P{h) — A is of principal type. Then = p _1 (A) is 
a smooth In — 1-dimensional submanifold of T*W l . 

Let, further, (uq, zq) £ J 1 *S n ~ 1 be such that zq, y/2\ujQ^ is a non-trapped trajectory with 

Coo (zq, \/2Ao;o^ / Uq. Then there exists U C T*S n_1 , open, (o;o,^o) G ^ such that for every 
(u, z) £ U the trajectory 700 y-; z, y/2\tjj is non-trapped and Coo (z, \^2Xuj S J 7^ w. By decreasing U, 
if necessary, we therefore have that 

SRu(X) = {(u,z; Coo (z, V^Aw) , Xoo (z,V2\u?)} : (u,z) £ u}' (15) 
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Figure 1: The scattering relation consists of the points (u, z; 9, —w) related as in this figure. 

is a closed Lagrangian submanifold of (T*S n_1 x T*S n_1 , ir\o~ + vrgO") , which we call a scattering 
relation at energy A (see Figure 

If A is a non-trapping energy level, we define the scattering relation at energy A > as 

SR(X) = { (to,z;Coo (z,V2Xuj ,Xoo (z,V2Aw)) : (u,z) G I^S"" 1 , u; 7^ £oc (z,V2Xu) }' 

We now show how, under the assumption that a certain outgoing direction is regular for a given 
incoming direction, we can find a non-degenerate phase function which parameterizes the scattering 
relation. We begin with the following 

Lemma 3. Let 9q G S™ -1 be regular for ujq G S n . 

Then there exist Oj C S n_1 , j = 1,2, open, luq G 0\, 9q G 02, and L G N such that for every 
(u, 9) G 0\ x O2 the number of (oj, 9) trajectories is at least L. 

Proof. By Remark 1.1] and the discussion following it, we have that there exists L G N such 
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that the number of (u>o,9q) trajectories is L. Let (zi) l=1 = (e" 1 ^,v/2AwoJJ (0 ), By the Implicit 
Function Theorem, since 9q is regular for loq, we have that there exist open sets 1 ,0 2 C S™- 1 with 
#o £ Oi and loq £ 02 and functions zi G C°°(Oi x O2; M™ -1 ), / = 1, . . . , L, such that zi(loq, 9q; A) = zi 
and ( 9; A), \/2Aw) = 6*, (uj,6) £ Oi x O21 which completes the proof. □ 



Let, now, wi(lo, 9; A) = Xoo (^zi (lo, 9; A) , \/2Ao^ . As in [2 Lemma 4], we have the following 

Lemma 4. Let 9q G §™ _1 6e regular for loq G S" - . 

TTien t/iere exist (A, C S n_1 , j = 1,2, open, wo G Oi, 0o G O2, such that the map 

e 1 b w ■-> Coo (w, -V2A0) g s™- 1 

zs non- degenerate at wi (lo, 0) , (w, 0) G Oi x O2, I = 1, . . . , L. 

We now choose 0\ and O2 in such a way that the conclusions of Lemmas El and hold in sonic 
open neighborhoods of 0\ and O2 and 0\ n O2 = 0. We set 

S'-Rj(A) = {(w,e,^(w,e;A),-rui(w,0;A)) : (w,0) G Oi x 2 } . (16) 

The same proof as in jlUl Lemma 3.2] now shows that there exist R » 0, To > T (Rj , and 
open sets e C lo- 1 , z\ (lo, 6; X) € Uq u) I = 1, . . . , L, (lo, 9) G 0\ x O2, such that 

ft;-,V^_ (;V2Xlo) (y) 



— fy '-^M 

for y G |xoo (s; z, v^w) nB(0,fiJ+l) : z G E^_ fl , s < o} , i > T . 

Let, now, to > De fixed. From (|TT)) it follows that for (9,lo) G 0\ x 2 we define the 
(modified) action along the segment of the (lo, #)-trajectory 7/(u, 6*, A) = (x;(w, 6*, A), ^(cj, 0, A)) = 
7oo ( S zi(uj, 9; A), \/2Aw ) , between the points 



yi (s; w, 0, A) = Xoo (s; (w, 0; A) , v 7 ^) nB(0,R,R + l) 
for some s < and x/(t ; s, lo, 9, A) = x (t^, y\ (s; w, 6*, A) , Va;<&_ fy; (s; u, 9, A) , y/2X~cjj^ and we set 



Sj(w,0) = (y,(a;o;,e,A),V^Aw) +^ L (x, x) dt — <fr + (x t (t ; s, 00, 9, A) , V2A#) + At , (18) 



11 



where L(x, x) = \ — V{x) is the Lagrangian, and the integral is taken over the segment of the 
bicharacteristic curve xi{us, 9, A) connecting yi (s; u, 9, A) and xi (to; s, u, 9, A) . 
From the representations (4.5)] 

$-(x, V2Xu) = 2t\ + J Q poo (t;z, V2Xuj 2 -V (q^ (t;z,V2Xuj^ - \j dt (19) 
for x = qoo (V; z, V2Xuj) eB(0,R,R+ l) and [HI (4.4)] 



(20) 



$+(x,f) = 2Ar + ( V2Xlo) ,£ 



Pc 



t;z,V2Xuj) - V (qoo (t;z,V2Xu)) - A J dt 



for (x,£) G T + (i?o, do, — Co) with x = q^ \t; z,\/2Xujj , £ = limi^ocPoo [t; z, V2Ao;J , we see that 
Si(lu,6) is independent of the choice of s with the specified properties. 
We now have the following 

Lemma 5. Let loq G § n ~ l be regular for 9q G S n ~ l . 

Then SRi(X) = A Sl , where A St = {(u^duS^dgSi) : (w, 0) G Oi X 2 } , Z = 1, . . . , L. 

Proof. We consider 

dgS^to, 9) = d e ($- (yi (s; u, 9, A) , v^w) + J L(x, x) dtj - d^ + (x t (t ; s, w, •, A) , \/2A-) {9) 

= (t (to;yi (s;u,0,X) ,V X <&- (yi(s,uj,9,X),V2Xu?j^ ,dexi(t ;s,uj,-,X)(9)\ 

- (v x $+ (x l (t ;s,uj,e,X),V2X9^ ,d e x l {t ;s,io r ,X)(9)^ 

- d e (v^ + (xi(t ; s, u, 9, A), vW) , v 7 ^-) (9) 
= -do(v& + (xi(t ;s,u,e,X),V2X9^,V2X^ {9), 

(21) 

where (fT7]l has allowed us to use (HI Theorem 46. C] to obtain the second equality. Lastly, we recall 
from |1U1 Lemma 4.1] that 



lim 

t— >oo 



Zoo (t;zi(u,9, A), V2XiS) - V2X9t-V^ + (xi(t o ;s,u,0, X),V2X0 



0. 



(22) 



To compute d^Si we first reparameterize the phase trajectories in the reverse direction, which 
is equivalent to considering the reverse of the initial and final directions. Using (|19|) and (|20j) we 
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further re-write Si (lo, 9) in the following way 



Si (w, 9) = -$ + (x; (s; w, 0, A) , V2X9^j + ^ L (z,, x t ) dt + (y, (t ; s, u, 9, A) , ^2Aw) + At , 

where x\ (s; w, 0, A) = Xqo ^s; (a;, 9; A) , \/2Au;^ nB(0,E,fl + l) for some s > 0, 

y ? (i o ;s,a;,0, A) = x (t ;xi (s;u,9, A) , -V x $ + (x t (s;u,9, A) , V2X9JJ , 

and the integral is taken over the segment of the bicharacteristic curve xi(u>,9,X) connecting 
X[ (s;uj,9,X) and yi (to; s,u>,9, X) . We observe that this bicharacteristic curve is uniquely defined 
by Lemma and (|17|). 

Lemma |U and (fTTj) further allow us to proceed as in (J5H]l and we obtain 

dojSi {lu,9) = d w ^-$+ (xi (s;uj,9,X) , V2X9^j + J L(x,x)dt 

+ eL$- (yi (t ; a, •, 9, A) , v^A-) (w) 
= d ul (v^- (yi(t ;s,Lo,9,X),V2\u?j ,v / 2A-' 

As above, we have that 



(23) 



lim 

t— CXD 



*;zi(w,e,A),V2Aw) - V2Aft-V € *_ (yi(t ; s,u>,9, A), >/2Aa;) =0. (24) 



From (|21|). (]22[). (|23|) . and (|24|) we therefore have that 5; is a non-degenerate phase function 
such that SRi(X) = A Sr □ 

We remark that (|19|) and 1)20(1 allow us to rewrite 5/(cu, 0) in the following way 
Si(u,9) = J Q|p 00 (t;zi(w,e),V^)| 2 -^(g D0 (*;^(t«; j e),v&))-A^<« 



(25) 



which is the same as the modified actions given by (J5j). 



4 Proof of Main Theorem 



We now turn to the proof of the Main Theorem. 



13 



Proof. Since S(X,h) is a unitary operator on L 2 (S™ 1 ), we have, by Lemma that Kgnh) E 
P^S"" 1 x S"- 1 ) and therefore K T (\,h) E ^( §n_1 x § n_1 )- 

Since we are working away from the diagonal in S™" 1 x S n_1 we can use integration by parts, 
as m [E| and 0, and obt am 

Kt ±1 = C ) L 2 (S' l - 1 x§"- 1 \diag(S™- 1 xS' l - 1 ))(^ 00 )- 

Therefore, by (|12[). we obtain 

WFl(K T±1 )=%. (26) 

We now observe that the proof of jlUl Lemma 2.1] depends only on the estimate (jlj) and the 
support properties of the symbols a± and b± and therefore its assertion holds here as well and we 
have the following estimates for 7 > ■§ close to § 

\\K* +a (h)R(X + iO, fcJif+ftWll^ = 

|m a (/i)i?(A + iO, /i)(l - x 6 )if- 6 (^)||_ 7)7 = (27) 
||((1 - Xa )^ +Q )*(/ l ) J R(A + iO, /i)tf_ 6 (/i)||_ 7l7 = ©(/i 00 ), 

where X a E C c °° (J3 (0, 20i? + 1)) , Xafa) = 1, |x| < 20R and X b E C c °° (B (0, lOiio + 1)) , Xb{v) = 
l,\y\ < WR . 

From (|26jh (|27|) . and (|12)l we then conclude, as in fT771 Corollary], that 

WF[ ( X (K a(xa) - Cl (n, A, h)K Go )) = 0, (28) 
for every \ E C 100 (§ n_1 x S n_1 \ diag(S n - 1 x S 11 " 1 )) , where 
G o (^u;;A,/i) = (e-*M-'^)0^ 

<7 + «M;>0 =e-i^( x ^ e )[ Xa ,P (h)}a + (x,y/2\0-,h)el*+(*>^), 
g- b (y,u-,h) = e-i*-(v>^)\x b ,mh)]b- (y,V2Xu;h) e r*-(v^), 

and 

* n — 3 , , n + 1 i(n — 3W 

ci(n,A,/i) = 2tt(2A) — (2vr/i) — ~e ~. 

Let, now, p G 5i2[/(A) be such that vh (p) = (w,z), where tti : I^S 71 " 1 x T*S n ^ -> r*S n_1 
is the canonical projection onto the first factor. Let Aj G $9(l,S n_1 x S n_1 \ diag(S n_1 x S'™^ 1 )), 
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j = 0, . . . , N, have compactly supported symbols near p and satisfy ao(Aj)\g R(J (x) = 0, j < N. We 
also set ip + (x,9) = 3>+ (x, \/2X9^j , (x,V2\6^ G T + (R ,d ,cro), and <p-(y,u) = (y, V2Xu?j , 
(y,uj) G r_(i? — 0, do, —<to). First, we shall prove that the generalization of Egorov's Theorem to 
manifolds of unequal dimensions Lemma 7] can be applied to the semi-classical Fourier integral 
operator F given by the Schwartz kernel 

K F = e-TV+g+a®e&-g- h . 

For that, let 

Af = | (x, y, -V x (p+ (x, 6) , Vyip- (y, uS) ; 9, u, -Ve<P+ (x, 9) , V u ip+ (y, u) : 

(x,V2X9^ G T + (R ,d ,a ) D (T*(suppV X a) x T*S^) , 

(y, V2\u?j G r_(i? , do, -a ) D (T*(supp V X b) x T*S^ X ) )}. 

For every (cc,£) G r±(i?o, do, ±<to) there exist unique phase trajectories (q±(-;x,£),p±(-;x,tf)) such 
that <?±(0;x,£) = x and lim^-i-ooP-i-^; X, £) = £, respectively (see ^3 Subsection 4.1] as well as 
the discussion following [7[ Definition 1.10]). Furthermore, by the construction of &±, 

V x *±(g±(t;s,0,0 =P±(*;^,0- 
By |1U1 Lemma 4.1], we also have that 

lim |g±(t;x,e)-ft-V € *±(x,OI =0. 

t— >±oo 

These considerations imply that 

ttiU^ is an immersion, (29) 



where 



7Ti : T*M n x T*R n x T*S n_1 x ^S 71 ^ 1 -> T*M n x T* 



is the canonical projection. With (|29j) the hypotheses of the generalization of Egorov's Theorem to 
manifolds of unequal dimensions p] Lemma 7] are satisfied and applying jlj Lemma 7] we obtain 
that there exist Bj G Vf r 9(l,K n x M n ), j = 0, . . . ,N, satisfying the following conditions 

1. cr(Bj), j = 0, . . . , N, have compact support near a point q G T*R n x T*M n such that n± (q) G 
7oo ( •; z, \/2X9 ) , where tt\ : T*1R" x T*M. n — > T*~R n is the canonical projection onto the first 



factor. 
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2. o- (JB 3 -)|a h (A) = 0,j < iV, where A R (X) = U t>0 (graph exp(ti?p)| s j' . 

3. Near (p, q) , 

J] Aj\ (erit+g+atoefr-g-b) = (e-^+g +a ® e&-g- h ) \ UbA . (30) 

v i=o / \j=o J 

Assumption Q and Lemma[3 now, imply that K R (x+io,h) £ V h (M. 2n ). From (|30j) we therefore 
obtain 

11 Aj J K A ( X ,h) = ci (ra, A, h) (e-**+0 +o ® e**-0_&) ( JJ S J ] (*2 ® Xi) ^R(A +i o,h), (31) 
^=o / V=° / 

near (p, g) , where Xj £ C£°(M n ; M), j = 1, 2, are such that X2 = 1 on supp g +a , xi = 1 on supp g^ b , 
and suppxi H suppx2 = 0- 

Estimate (|IJ), Lemma and the same proof as in j^l Theorem 1] further give that there exists 
an open set V C Ar(A), q £ V, such that (x2 ® Xi) K R ( X +io,h) € A (K 2n , A fi (A) Pi V) . (We recall 
here that the fact that xi and X2 have disjoint support is crucial in the proof of [2J Theorem 1].) 
Therefore 

II B i ] (X2 ® Xi) K R{x+i0)h) = L 2 [R 2 n) (V^i) ,h^0. (32) 
Since g +b , g^ a G S'^ 1 _ 1 (l) n C 6 °°(IR n x S"" 1 ), we easily find that 

(e-&+ g+a ®e&-g- b ) = 0(h). (33) 

Estimates (|32|) and (|33j) together with (|28|) and (|3Tj) now imply that 

N 

and therefore 

A(X, h) G j| +2 (S"- 1 x S n - 1 \diag(S"- 1 x S"" 1 ), SR D (X)) . □ 
5 Applications 

In this section we discuss two applications of our Main Theorem to trapping and non-trapping 
energies, respectively. 
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5.1 Non- Trapping Energies 

Corollary 1. Let A > be a non-trapping energy level for P and such that P(h) — A is of principal 
type. 

Then A{X,h) £ if +2 (S™" 1 x § n ^\ diag^- 1 x S^ 1 ), SP(A)) . 

Proo/. From QH Lemma 2.2] we have that ||j?(A + iO, h)\\ a _ a = O (±) , a > |. The result now 
follows from the Main Theorem. □ 

5.2 Trapping Energies 

Corollary 2. Lei A > be a trapping energy level for P and such that P{h) — A is of principal 
type. Let also 

(i) there exist Oq E [0,7t), R > such that the potential V extends holomorphically to the domain 
D RA) = {z e C n : \z\ > R,\$Sz\ < tan# |3fiz|} and \V(x)\ < C\x\~P for all x G D RA) and 
some (3 > 0, C > 0, and 

(ii) Res(P(h)) n ([A - e, A + e] + i[0, Ch M }) = for some e > 0, C > 0, and M > 0. 

Lastly, let there exist (9,z) £ T*S n_1 suc/i i/iai 7oo ^, \/2A0^ is a non-trapped trajectory. 
Then there exists an open set U C T*^" 1 such that 

— 4-9 

A(X,h) e Tf (S^ 1 x S^^diagCS™- 1 x S"- 1 ), S%(A)) . 

Proof. We choose C/ as in Definition 1151 From Proposition 4.1], we have that there exists m £ N 
such that 

\\R(\ + i0M\ a ,- a = o(^),a>± 
The assertion of the Corollary now follows from the Main Theorem. □ 

5.3 Microlocal Representation of the Scattering Amplitude 

Here we show how under the non-degeneracy assumption the expansion (J2J) follows from the results 
we have proved in this article and the characterization of semi-classical Fourier integral distributions 
as oscillatory integrals, which we have developed in [2J Theorem 1]. More precisely, we have the 
following 

17 



Theorem 1. Let ujq G S n_1 be regular for 9q G S 71 " 1 and L G N be the number of (9q,ujq) phase 
trajectories. Let A > be such that P — X is of principle type and || R{X + iO, h)\\ a _ a = 0(h m ), 
m G R, a > \. 

Then, if Pi G ^ r °(l,S n_1 x § n_1 ), I = 1,...,L, are microlocal cut-offs to the Lagrangian sub- 
manifolds 57?/ (A) defined by (|T5|l . respectively, 

PiK A{X:h) = ei Sl a h l = l,...,L, 

n+ 3 

where 5/, I = 1, . . . , L, are as given by and a/ G 5 2n _ 2 2 (l), I = 1, . . . ,L, have compact support. 

Proof. By our Main Theorem, A(X,h) G jj +2 (S™^ 1 x S n-1 ,U^ =1 5J?i(A)) . From Lemma 5] 
it follows that PiK A(x>h) G /f (S™" 1 x S n '\SRi(X)) , I = 1,...,L. With this and Lemma the 
hypotheses of [2J Theorem 1] are satisfied and we obtain that there exist ai G £271-2 (-0' ' = 1> ■ ■ ■ > ^> 
such that PiK A (x : h) = e~h Sl ai microlocally near 57?/ (A), I = 1, . . . ,L. □ 

We remark that the conclusion of this theorem holds whenever we have polynomial bound on 
the resolvent. We also remark that this theorem recovers the phases (J5J in (0), due to l|25jl. 

A Elements of Semi- Classical Analysis 

In this section we recall some of the elements of semi-classical analysis which we use in this paper. 
First we define two classes of symbols 



SZ (1) = { a G C°° {R 2n x (0, ho]) : Vet, j3 G N n , sup h m d«d£a (x, £; h) 

(x£,h)m 2n x(0,h ] 



<a 



a,/3 



and 

where ho G (0, 1] and m, k G R. For a G S2n (1) or a G 5 m ' fc (T*]R n ) we define the corresponding 
semi-classical pseudodifferential operator of class \E r 7 l (l,R n ) or Hf™' k (M. n ), respectively, by setting 

Op h (a) u (x) = 1 / / e J2L T? dl a (x, £; ft) « (y) dyd£, ueS (R n ) , 



(2vrft) T 

and extending the definition to S' (R n ) by duality (see [3]). Here we work only with symbols which 
admit asymptotic expansions in h and with pseudodifferential operators which are quantizations 
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of such symbols. For A G *£(l,R n ) or A G ^™' k (R n ), we shall use a (A) and a (A) to denote its 
principal symbol and its complete symbol, respectively. A semi-classical pseudodifferential operator 
is said to be of principal type if its principal symbol ao satisfies 

a = da ^ 0. (34) 

For a G Sn' k (T*R n ) we define: 
ess-supp ft a 

= { (x,0 G T*R n \ 3 e > d^a (x',£') = O C (fl((x,0, e )) , Va }/ € N"}' 
U f ( (x, G T*R"\ {0} | 3 e > Sg^ a (x', £') = O (h°° , 



uniformly in (x',£') such that ||x — x'|| + + 

II? II 



u\\ w\ 



< e 



C T*R n U S* TOn 



where we define S*R n = (T*R n \ {0}) /R+. For A G #™' fe (M n ) , we then define 

W-FX (4) = ess-supp h a,A = Op h (a) . 
We also define the class of semi-classical distributions T>' h (R n ) with which we will work here 
V' h (R n ) ={u G ((0, 1};V (R n )) : Vx G C£° (R n ) 3 N G N and C N > : 

\r h ( X u) &h)\<c N h- N (0 N } 

where 

^ h (n) (f , /i) = / e-^ <x ' 5) -u (x, h) dx 



with the obvious extension of this definition to 6' h {R n ). We work with the L 2 — based semi-classical 
Sobolev spaces H s (R n ), s£l, which consist of the distributions u G V' h (R n ) such that IMIif<(R«) = f 

(2^ / R n(l + llell 2 ) 8 \Fh(u)(ti, h)\ 2 dZ<00. 

For u G 2?^(K n ) we also define its finite semi-classical wavefront set as follows. 

Definition 4. Let u G V' h (R n ) and let (x ,£ ) G f* (R n ) . Then the point (x ,£o) does not belong 
to WFl (u) if there exist % S (R n ) with x (xo) / and an open neighborhood U of £q, such 
that ViV G N, V£ G U, \F (x«) (£, /i) | < CW/i^. 
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We say that u = v microlocally (or u = v) near an open set U C T*K n , if P(u — v) = O (h°°) 
in C 6 °° (R n ) for every P G (l,R n ) such that 

WF h (P) C U, U m U <e r*R n , £7 open. (35) 

We also say that u satisfies a property V microlocally near an open set U C T*M™ if there exists 
v G T>' h (W 1 ) such that u = v microlocally near U and v satisfies property V. 

For open sets U, V C T*]R n , the operators T, T' G (]R n ) are said to be microlocally equivalent 
near V x U if for any i,BefJJ (M n ) such that 

WF h {A) C V, WF h {B) C 17, V m V m T*R n , U <g E7 <s T*]R n , [7, V" open 

A(T-T')B = (h°°) : V' h (IT) -» C°° (IT) . 

We also use the notation T = T' . 

We extend these notions to compact manifolds through the following definition of a semi-classical 
pseudodifferential operator on a compact manifold. Let M be a smooth compact manifold and Kj : 
Mj — > Xj, j = 1, . . . ,N, & set of local charts. A linear continuous operator A : C°°(M) — > T>' h (M) 
belongs to f™(l, M) if for all j G {1, . . . , N} and u G C£°(Mj) we have o k" 1 = A,- fit o kT 1 ) 
with Aj G tf™ (X,-) , and xi^X2 : ^( M ) ~* h^C^iM) for X j G C°°(M) with suppxi n suppx 2 = 
0. 

Lastly, we define global semi-classical Fourier integral operators. 

Definition 5. Let M be a smooth k- dimensional manifold and let A C T*M be a smooth closed 
Lagrangian submanifold with respect to the canonical symplectic structure on T*M. Let r G M. 
Then the space L r h (M, A) of semi-classical Fourier integral distributions of order r associated to A 
is defined as the set of all u G T>' h (M) such that 

N \ 

J] Aj (u) = O lHm) (h N - r -i) , h - 0, (36) 

3=0 j 

for all N G No and for all Aj G ^ (1,M) , j = 0, . . . , N — 1, with compactly supported symbols and 
principal symbols vanishing on A, and any An G ^(1,M) with a compactly supported symbol. 

A continuous linear operator C£° (Mi) — > T>' h (M2) , where M\,M2 are smooth manifolds, whose 
Schwartz kernel is an element of LJ^(Mi x M2,A) for some Lagrangian submanifold A C T*M\ x 
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T*Mi and some r £ ]R mZZ 6e called a global semi- classical Fourier integral operator of order r 
associated to A. We denote the space of these operators byZ r h (M\ x M2,A). 

Acknowledgements. I would like to thank Maciej Zworski for the idea to use the proof of 
Schwartz Kernel Theorem in the proof of Lemma ^ 
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